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H E A T  T R A N S F E R  I N  A L A Y E R  OF L I Q U I D  ON A R O T A T I N G  

A R C H I M E D E S  S P I R A L  T A K I N G  A C C O U N T  OF T H E  E N T R A N C E  

R E G I O N  

L.  P.  K h o l p a n o v ,  N. S. M o c h a l o v a ,  
V. A.  M a l y u s o v ,  a n d  N. M. Z h a v o r o n k o v  

UDC 532.526.75 

The effect  of the ent rance  region on the hydrodynamics  and heat t r a n s f e r  in a layer  of liquid on 
a ro ta t ing  su r face  is studied. 

Hydrodynamics  and m a s s  t r a n s f e r  in a l ayer  of liquid on a ro ta t ing  Arch imedes  sp i ra l  in the absence  of 
wave format ion  were  inves t igated ea r l i e r  [1] by the in tegral  r e la t ions  method. In the p resen t  a r t i c l e  we use  the 
work method [2] to study heat t r a n s f e r  in a l amina r  liquid f i lm on an Arch imedes  sp i r a l  ro ta t ing  with a constant  
angular  ve loc i ty  w, taking account  of the ent rance  region.  

We choose the origin of coordinates  in the plane of the outlet,  the x axis along the flow, and the y axis 
no rma l  to it. The x, y coordinate  s y s t e m  is fixed with r e spec t  to the s t r eaml ined  solid sur face .  It is a s sumed  
that the p r e s s u r e  gradient  in the liquid l ayer  is produced by the ro ta t ion  of the sp i r a l  appara tus  and that the 
longitudinal r a t e  of change of the flow p a r a m e t e r s  is much s m a l l e r  than the t r a n s v e r s e .  We a s s u m e  that the 
the rmophys ica l  p a r a m e t e r s  a r e  constant  and that the equation of the Arch imedes  sp i ra l  in polar  coordinates  is 
r = A O ,  where  A > 0. Under these  assumpt ions  the hydrodynamics  and energy  equations take the f o r m  

Ou Ott 
u - -  ~ v - - = F ~  
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u z 1 
- -  F u 

R (x) ,o 

OT 
t g  - - - -  U 
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1 0p 0Zu 
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Op Ou Ov = 0 
8y Ox Oy 

8T 82T 

8y 892 
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Trans l a t ed  f r o m  Inzhenerno-F iz ichesk i i  Zhurnal ,  Vol. 33, No. 5, pp. 807-815, November ,  1977. Original 
a r t i c l e  submit ted  October 8, 1976. 
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where  tt (x) =A (0 2 + 1)3/2/(0 2 + 2); and Fx, Fy axe the components  of the body fo r ce s  along the coordinate  axes .  

The body fo rces  act ing on a unit m a s s  of the liquid f i lm a re  the centr i fugal  force  F c e =  c~ 2tl (x) and the 
Coriol is  force  F c o = 2 ~  x V. The components  of the body fo rces  along the coordinate  axes have the f o r m  

F.. = coZR (x) cos cz 4- 2ow, F v = - -  oJZR (x) sin cz ~ 2~ou, (3) 

where  the upper  signs co r re spond  to a counterc lockwise  ro ta t ion  of the sp i r a l  and the lower to c lockwise r o t a -  
tion. The angle a is r e l a t ed  to the polar  angle 0 by the equations 

2 l s i n a = 0 / ] / 0 ~ +  1; c o s a =  1/1/0 ~-1. 

The boundary conditions for Eqs. (1) and (2) axe 

y = 0  u = 0 ,  v = O ,  T = T  W ; 

y = H ( x )  0_u_=0, p=cons t ,  T = T f .  (4) 
dy 

where  the equation of the su r faee  H(x) is de te rmined  f r o m  the solution of Eqs. (1) and (2), taking account  of the 

dH 
kinemat ic  condition v N = u N dx on the boundary  sur face .  Introducing the d imens ionless  va r i ab l e s  

u = u v u ,  x=61,  Rex, y = 6 v y ,  T =  T - - T w - - ,  
Tf - -  T 

where  ~p =~ R e ~ ,  obtained f r o m  the solution of  Eqs. (1) and (2) in the s tabi l izat ion region in the va r i ab l e s  
(0, y), where  dx = A 4 ~ - - ~  dO, Eqs. (1) and (2) and boundary conditions (4) take the f o r m  (omitting b a r s  over  
symbols)  

E5E1 Re Ou Ou E5E1 Re Op "-k, 3 0 z u  
u - - - b - v - -  =F. .  - - ,  

I" / OZ ~-' 1 O0 Oy I / 0  z + 1 O0 09 a 

u 2 Op 
- -  E5E1 = F v - -  - -  , 

R (x) ay 
E5E1 Re Ou Ov 

= 0 ,  
V-0 z + 1 00 Oy 

E5E1 Re OT OT 3 OZT 

V 0 3 + I O0 Oy pr Oy z 

at x = 0  T = 0 ,  

where  

(5) 

(6) 

at y = 0  u = v = O ,  T = 0 ,  (7) 

H (x) Ou Op 
a t  y =  - -0 ,  - -  = 0 ,  T = I ,  

6 v Oy O0 

OZ § 1 6Gal/2E5t/2E1 z 
F~ -= 9 - -  --t- v; 

02 + 2 Re (8) 

9 0z+ 1 6Ga"/2E51.2E12 
F ~ = ~ - - 0  ~ ~ - -  u. 

Re 0 2 § 2 Re 

We solve the p rob lem by  the method of equal f l ow- ra t e  s u r f a c e s ,  which is r e l a t ed  to the group of col locat ion 
methods [2]. We introduce the l ines Yk =Yk (x) into the flow field, and the notation 

u k (x) = u Ix, Yh (x)], v h (x) = v [x, Yk (x)], Tk(x ) = r [ x ,  Yk (x)]. 

Then v k and u k a r e  connected by the re la t ion  

E5E1 Re % (x) dyn 
v h (x) -- V 0 2 +----1- d---~ ' (9) 

which follows f r o m  the conserva t ion  of f low-ra te  condition and the equation of continuity. In addition, the equa-  
tion of continuity is equivalent  to the following s y s t e m  of equations:  

Yh(d:)  

J " udy = const~ k ~ 2,.3 . . . . .  N. (10) 
�9 y h _ l l X )  
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Evaluat ing these  in tegra l s  by  the t rapezoida l  ru le  with a un i form e r r o r  e s t ima te  with r e s p e c t  to the va r i ab le  
0 having the third o rde r  of sma l lne s s ,  we obtain a s y s t e m  of nonl inear  a lgebra ic  equations of the f o r m  

(b'h (x) - -  Vh-1 (x)) (u k (x) + uh_ z (x)) = const h + Ov (11) 

By different ia t ing both s ides of (11) with r e s p e c t  to 0 we obtain a s y s t e m  of o rd ina ry  different ial  equations for 
de te rmin ing  the s u r f ace s  of equal flow r a t e  yk(x) 

dy k dyh_ , yh--g~_l  ( du,~ du,,_~ ) .  (12) 
dO dO uh + uk-1 dO dO 

The der iva t ives  with r e s p e c t  to the independent va r i ab le  0 have the f o r m  

d% _ 0% ~ , % = u ~ ,  TI~. (13) 
dO O0 Og k dO Y=Yh 

Substituting 0% f r o m  (13) into (5) and (6) and using (9) we obtain 
00 

E5E1Re duh E5E1Re [ dpl ~ Opk dyk ! + 3 O2ur~ 
]/ 02 -5 1 uk - -  Fx~" ~ '  (14) dO " V @ - F T  do ov~ dO OV~ ' 

dPk -- dPk-~" 4: dMh , (15) 
dO dO dO 

E5E 1 Re dT~ 3 cOZTh 
- -  u~ - , ( 1 6 )  

] / 0 2 - -  1 dO P r  Og~ 
where  

O& 
094 

Yk 

R (O) + F~ ) dy; 
gh-1 

"~ k = ~ _ , 3 ,  . ~v. "- Fu~ + E5E1 - ~  . . . .  

To evaluate  the second der iva t ives  with r e s p e c t  to y in Eqs.  (14) and (15) we wri te  the solution for  q0 k as an 
expansion in a complete  se t  of functions 

N 

%(x) = X B j ( x )  Fki(x), ] =  I, 2 . . . . .  N, k = l ,  2 . . . . .  N, 
]=1 

where  

(17) 

% ( x ) = u  h, Th; Bj(x)=Aj,  Alj; Fhj(x)=Vkj,  KII~ j. 

In the p resen t  paper  the s y s t e m s  of bas i s  functions for ve loc i ty  and t e m p e r a t u r e  were  chosen,  r e spec t ive ly ,  in 
the f o r m  

Vk./(x) ( ] - 1  ) " = - --~, ~/~, (18) 
/ 

1 
Kiwi(x)  = - 2  (n~ -n ,{+~  ) +  n~ +~ . (19) 

The orthogonal  Tschebysche f f  polynomials  of the f i r s t  kind were  used also.  For  the veloci ty  and t e m p e r a t u r e  
these  had the f o r m  

y~j (.) = Tj+I (nO - r j+ l  ( o ) -  [r~ (n~) - -  Tj (0)1 ( ] 7- 1 )~ ,  (20) 
~, ] , 

Klkf(x) = Tj+I (~lh)+ T i+1 (0)(2rl~- ~lk-- 1), (21) 

q,~ (x) = gn (x)/H (x), ] = 1, 2 . . . . .  N. 

The r e su l t s  obtained by using different  comple te  se ts  of functions did not differ apprec iably ,  but the requ i red  
accu racy  was at tained with fewer  t e r m s  when using the Tschebyschef f  polynomials .  
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We require  that the values of the velocity (temperature) determined by Eq. (17) agree with Uk (x) T k (x) 
on the lines Yk(X). Then we obtain a sys tem of l inear algebraic equations for the coefficients Bj(x) 

N 

% (x) = ~,~ B~ (x) F~j (.v). (22) 
1=~ 

Determining the Bj (x) f rom (22) we find f rom (17) the derivatives of the velocity and temperature  with respect  
to y in Eqs. (14) and (16). 

The sys tem of nonlinear ordinary  differential  equations (12), (14)-(16) was solved by the Runge-Kut ta  
method. Since the pressure  gradient in the f i r s t  layer  dpl/d0 is unknown, the r ight-hand sides of Eqs. (12), 
(14)-(16) were determined in two stages: 1) the pivotal coefficients were calculated and used to find dp l /d0 ,  
and 2) the r ight-hand sides were evaluated correct ly .  With this in mind we reduce Eqs. (12), (14)-(16) to the 
form 

dp~ 

dO 

au k + L  k dp~ dy~ - R ~ ,  
d-~- ~ - + N h  dO 

dy~ dyh_ ~ du~ d u k _ ~ O ,  
dO dO + s~- - -~ -§  dO 

Q du~ Udo-~ = fl~, k = 2, 3, N, dPk-~ + + T~ d 
dO ~ - ~  . . . .  

(23) 

where 

( -~e  Oz ' 1 E5EI(O z§  ~) Lh=__ l  ," Nh=Lh 9 0 - - = "  u " 
u h 0 z + 2 (0 z 4-  t)  s :2  ' 

[ OZuh 3 ( O Z + l ) S / ' ] "  S'~ - y k - y ' - '  ; 
Rk-- 3Lh 1 / 0 ~  0 2 ~ 0 z ' 2 ' Uk+Uh-I 

E5E1 Re . Yk -7 
o o ~E5EI(O ~+2) 9 02+I  

Q ~ = S ~  (.~ + .~._, ,  ~ _ , - ] V ~  - o - -  -X- 
L Re 0 2 + 2 

3Oal "2E51/2E12. (u~ + u,~_0] --  (Yh --  Yk-0 • 
Re 

[ E5EI  (O z- ' -2)  T 3Ga~/2E5'~2EIZ]. 
• u~ (o-~-~i)a/--: Re ' 

~ E5E1 (0 z + 2) 

[ 2 E5EI0(0z+4) 9 0 ' + 5 0 z + 2 ]  
fla=(Yk-l--Y~,) (u~ ' - -uk - l )  2(OZ: - 1) 5/'~ +-Re (02-+-2) 2 ' 

We write the functions being sought 
ctu k dyk dPh 
dO dO dO 

in the form of pivotal relat ions 

d %  ^ dP t 
- -  ~ k - ~  Z h -  . . . .  , ( 2 4 )  

dO dO 

where 
*k : .h, p~, u~; Zk = G ,  P,,, V,,; L : G ,  P~, Y~. 

Substituting Eqs. (24) into (23) and taking account of the fact that • and X'k are known, we obtain explicit ex- 
pressions for the pivotal coefficients in the form of the following recur rence  relat ions:  

Uh :: [Rh - -  Nk (Yh-~ - -  ShUk-~) - -  Lh ('~ -+- P~-~ - -  ThUh-~)l (i --- Lkq ~ - -  NhSk) -~, 

~]h = [Nh(Sk ~]k_,_ - -  Yh-1) q~ Lk (TklJk -1 --/5~-1)1 (1 --  LhQ k - -  N~Sk) -1, (25) 

G = - & G _ I  + G _ I  - s ~ G ,  ?~ = - s~G_~  + v ~ - l -  s h G ,  

Ph = ~2,~ -',- Ph- l  - -  TkUh-1 - -  QhUk ' Ph = fib-1 - -  Tfl')k-1 - -  

--QhLlk,  k = 2, 3 . . . . .  N. 
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F r o m  the given boundary  conditions 

dtz~ _ dg~ _ dpN _ O 
dO dO dO 

and f r o m  Eqs. (23) we find the values  of the pivotal  coefficients  for k =2. 
values  of the pivotal  coefficients  for any k. In pa r t i cu la r ,  for k =N 

dp,v ~ pN i- p,v- dpl 
dO dO 

f r o m  which 

(26) 

Then, using Eqs. (25), we find the 

dPado " = ( dpN - -  PN (27) 

Then by a r e v e r s e  pivotal  we calcula te  the values  of the r igh t -hand  sides of the s y s t e m  of different ial  equations 
(24). 

After  de te rmin ing  the veloci ty  field Uk, the s y s t e m  of different ial  equations was solved for the t e m p e r a -  
tu re  in the liquid layer  by the R u n g e - K u t t a  method. We find the t he rma l  flux on the wall  of the s p i r a l a p p a r a t u s  
f rom the equation 

~'N 

(' OT" t d t' uTdg, (28) 

which is obtained af ter  in tegra t ing  the energy  equation a c r o s s  a liquid f i lm of va r i ab le  th ickness ,  using Eq. (9) 
at the boundary.  After  averag ing  the flux over  some cha rac t e r i s t i c  values L we obtain* 

L YN ~V 

1 ~dx = I uTdy L ~ = 6 ~ P r  L ~p ~p~ ~r -- ~ , ~ -  . . . . . .  =L"UP6~' u r @  f -- L . (29) 
0 0 0 

Using the algorithm described above, the velocity field, the temperature, and the surface of separation were 
calculated in the entrance region as functions of the width of the slit, the Reynolds number Re, and the dimen- 
sionless c h a r a c t e r i s t i c  oft he spiral E5. 

Figure 1 shows the characteristic form of the development of the velocity profile in the liquid film, and 
Fig. 2 the dimensionless liquid-filmthickness as a function of the dimensionless length of the spiral. These 
figures show that the width of the slit has an appreciable effect on the accelerated flow of the liquid film up to 
h0/~3 p =7. For h0/Sp > 7 the slit width has a negligible effect on the accelerated flow of the liquid film. 

Figure 3 shows the surface velocity as a function of the dimensionless length of the spiral. The develop- 
ment of the surface velocity follows the same rules as the development of the liquid-film velocity [3]. Figure 
4 gives the characteristic form of HT 2 as a function of the dimensionless length of the spiral for various values 
of the hydrodynamic parameters. These figures show that larger values of El, E5, Re and Pr corresi~ond to 
larger values of HT 2. 

The value of HT 2 is approximated within 10% in the range of parameters investigated by the expression 

H T  z = (3.9+0.75Et @0.9E5+0.001 Re + 0.007 Pr)x + 0.005El. (30) 

The express ion  for  the ave rage  coefficient  of heat  t r a n s f e r  f r o m  the liquid f i lm to the wall  of the sp i ra l  hea t -  
t r a n s f e r  appara tus ,  taking account  of (30), has the fo rm 

:/2 ,/2 ] / / -  up a El6  v RePr 
[37 -- L 1/2 3 ~/2 3.9+0.75Et +0.9E5:-0.001Re+0.007Pr, -~ 0 005 .... L (31) 

Table 1 c o m p a r e s  the r e s u l t s  calculated by  the two methods for  E l = l ,  E5=0.5 ,  Pr =10, h0=0.3 cm,  L= 
100 cm,  and v =10 -2 cm2/sec ;  single and double p r i m e s  denote, r e spec t ive ly ,  values  for  the in tegra l - re la t ions  
method and for the method presen ted ,  where  

-*In ce r ta in  cases  it is convenient  to solve the energy  equation by using the d imensionless  longitudinal coordi -  
nate in the f o r m  x =6pRe t : ' r~ .  Then the smal l  p a r a m e t e r  in the ene rgy  equation d i sappears  for the higher 
der ivat ive .  
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T A B L E  1 

Re #a V'~ a v 

50 
100 
300 
500 

1000 

x~itzo x'~18 

25,25 14,75 
30,5 20,5 
51,5 43,5 

72,5  66,5 
125 124 

1,05 
1,128 
1,303 
t,439 
t,731 

i a 0,7 

45 / / / / / ~ ~ : :  o 

b 0,~ 

III/,2"- I , 2=oi 

i i ! 
o I U 

Fig.  1. D imens ion le s s  ve loc i ty  as  a funct ion of the t r a n s -  
v e r s e  coord ina te  for  E5 =0.1 and H1 =3; a) Re =100; b) Re = 
500. 

8n 

Z 
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2 
b i 

4I 4z 4J z 
Fig~ 2 

i 
a , i 

0 - - - -  ! -1 

, i 
l 

1 ! 

I ~ b 

7 / / /~  c -  i i 
f I t i i 

0 47 42 ~,J ~ x 
Fig .  3 

Fig.  2. D imens ion le s s  th ickness  of l iquid f i lm as a funct ion of  d imens ion le s s  length 
of  sp i r a l :  a) R e = 3 0 0 ;  E 5 = 0 . 1 ;  1) H 1 = 0 . 5 ; 2 )  1 ; 3 )  1,5; 4) 3; 5) 7; 6) 10 ;b)  E 5 = 0 . 1 ;  
H l = 3 ;  1) R e = 5 0 0 ;  2) 300; 3) 100; c) R e = 3 0 0 ;  H l = 3 ;  1) E 5 = 1 ;  2) 0.5; 3) 0=1. 

Fig.  3. D imens ion l e s s  su r f a c e  ve loc i ty  as  a funct ion of d i m e n s i o n l e s s  length of 
sp i r a l :  a) R e = 3 0 0 ;  E 5 = 0 . 1 ;  1) H1=10 ;  2) 7; 3) 3; 4) 1.5; 5) 1 ;b )  E 5 = 0 . 1 ;  H1=3 ;  1) 
Re  =100; 2) 300; 3) 500; c) R e = 3 0 0 ;  H 1 = 3 ;  1) E 5 = 0 . 1 ;  2) 0.5; 3) 1. 
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Fig. 4. HT 2 as a function of dimensionless  length of spiral :  a) 
Re=100;  E5=0.1;  E1=0.1;  1) Pr =10; 2) 30; 3) 100; b) Re = 100; 
E5=0.1;  l>r =30; 1) E1 =0.1; 2) 0.4; 3) 1; 4) 1.6; e) Re=100;  E1 = 
0.1; Pr =30; 1) E5=0.1;  2) 0.5; 3) 1; d) E5=0.1;  E l = 0 . 1 ;  1~ = 
30; 1) Re=100;  2) 500; 3) 1000. 

F 
x~ = [(0.08E1+0.025) Re + 15EI--51 ho; x2 = L(o.o9E5 + 0.07) Re-+- - -  

x h , L 
I~ = fli~ ~ -  ~ ~ '  - x,~ L 

4.5 ] 5; 
E 1 E 5  

As eanbe seen from the table, there is a difference in the Calculated values of ft. This difference can be ac- 
counted for in the following way. 

In the integral-relations method [1] the basis functions were seeond-orderpolynomials, while in the pro- 
posed method they were N-th-order (N = 10) orthogonal polynomials. These N-th-orderpolynomials can more 
accurately trace the complex variations of all the hydrodynamic parameters (velocity, film thickness) in the 
entrance region. In the integral-relations method a parabolic velocity profile is specified a priori, i.e., the 
profile which occurs in the stabilization region, and the termination of the calculation was determined solely 
by the degree of approximation of the film thickness. In the proposed method the termination of the calcula- 
tion, and consequently also the entrance length Xk, depend on the degree of approximation of the values of both 
the surface velocity and the film thickness in the stabilization region. This caused the difference in the calcu- 
lated values of x k (Table 1). 

Since the dimensionless size of the active region ~=x/SRe decreases with increasing Re (Fig. 1), i.e., the 
velocity profile is shaped in the smaller dimensionless part, further difficulties arise in describing the defor- 
mation of the velocity-profile by the integral-relations method, and consequently the difference in the results 
calculated by the two methods is increased. This is actually the case (Table 1). Moreover, the calculated 
values agree up to Re =100. 

NOTATION 

a ,  t he rma l  diffusivity; v, viscosi ty;  p ,  density; h0, initial thickness of liquid film; A, cha rac te r i s t i c  of 
spiral;  R (x), radius  of curva ture  of spiral;  a ,  angle between positive direct ion of tangent to spiral  and radius  
vec tor  to point under considerat ion,  calculated f ro m  the express ion tan a =r (0) / r , (O) ;  Tw, Tf, t empera tu res  at 
wall of spi ra l  and at f i lm surface ,  respec t ive ly ,  H(x), equation of surface  de termined f rom solution of problem; 
p(x, y), hydrosta t ic  p ressu re ;  x =A(0~--6"~-~ +In I 0 + ~/'0 '~ +1 [/2, running length of spiral ;  E5 =h0/A, its dimen- 

2 3 2 3 sionless characteristic; Re =3q/u, modified Reynolds number; Ga =w Ah0/u , Galileo number, E1 =~G-a'= 
5/h0,ratio of thickness of boundary layer to initial thickness; HI =h0/5 , ratio of initial thickness of liquid film 
to running thickness; Xk, entrance length. 
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